In the main text of the Manuscript, the solution for the critical point of the forward synchronization transition is obtained explicitly by linearizing the continuity equation. Here, we show that the same exact solution can be extracted by an alternative method, in which noise is first added into the model, and then the corresponding Fokker-Planck equation is linearized.
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In the presence of noise, the generalized Kuramoto model can be written aṡ
where ξ i (t) is an independent white noise source satisfying ⟨ξ i (t)⟩ = 0 and ⟨ξ i (t)ξ i (t ′ )⟩ = Dδ(t − t ′ ), with D being the noise strength. Eqs. (1) are actually a set of coupled Langevin equations. In the continuum limit, the evolution of the density ρ (θ, ω, t) is then governed by the Fokker-Planck equation:
where
is the velocity, and r and ϕ are order parameters. Let us suppose that a small perturbation affects the incoherent state of the system, i.e.,
Following the normalization condition
and Eq. (2) becomes
with
Now, the order parameter is
By limiting the analysis to the first order in ϵ, the linearized Fokker-Planck equation can be written as
At this stage, one expands η(θ, t, ω) into Fourier series, by writing
where η ⊥ (θ, t, ω) represents higher harmonic terms. Then, from Eqs. (10) and (12), one has
and
Here only the first-order harmonic term in Eqs. (12) contributes to the order parameter because ∫ 2π 0 e inθ dθ = 0 except n = 0. Adding the above two equations, one can further get
Plugging Eqs. (12) and (15) into Eq. (11), and comparing the coefficients of e iθ terms, one finally obtains
Now, considering a type of solution of the form c(ω, t) = b(ω)e λt , where λ is independent of ω, one has
Eq. (17) can be solved in a self-consistency way. Let
and suppose A is bounded, then one can solve b(ω) from Eq. (17) as
Substituting the expression of b(ω) back into Eq. (17), one eventually obtains the equation
which explicitly relates the coupling strength κ with λ. If g(ω) is an even function, such as Gaussian and Lorentzian, Eq. (20) will be reduced to
by setting D=0. This is exactly Eq. (20) in our main text.
